Let Pn be a set of n = 2m points that are the vertices of a convex polygon, and let Mm be the graph having as vertices all the perfect matchings in the point set Pn whose edges are straight line segments and do not cross, and edges joining two perfect matchings M1 
Introduction
Given a graph G, one can consider an associated graph M(G) whose vertices are the perfect matchings of G and where two perfect matchings are adjacent if their symmetric di erence is a cycle C of G. In this case one says that C is an alternating cycle for the two matchings. This de nition is closely related to the matching polytope M(G) of G, a polytope whose vertices are the incidence vectors of all the matchings in G, since two perfect matchings are adjacent in M(G) if, and only if, they are adjacent in the graph of M(G) 8] .
The graphs M(G) have been studied in the past and some general results are known, like the fact that they are always Hamiltonian 9] . Particular attention has been paid to the case in which G is a plane bipartite graph, a situation of particular interest in the study of chemical compounds 10, 15] . Another noteworthy instance is when G = K n;n , and in this case M(K n;n )
is the graph of the so called assignment polytope 2, 3] .
In this paper we study a geometric version of the problem. Let P n be a set of n = 2m points that are the vertices of a convex polygon, and let us consider matchings in the point set P n whose edges are straight line segments. A perfect matching in P n is said to be non-crossing if no two of its edges intersect. The points of P n are labeled, consequently two matchings are considered equal only if they have exactly the same set of edges. We de ne the graph M m as the graph having as vertices the non-crossing perfect matchings of P n and edges joining M 1 Fig. 1 ). Observe that in this case the symmetric di erence of M 1 and M 2 is a cycle of length four. This de nition is adopted so that two adjacent matchings di er as little as possible, namely only in two edges.
The graph M 4 is depicted in Fig. 2 . Some relevant properties can be observed: the graph is bipartite (this is indicated by black and white vertices), it is Hamiltonian, and every vertex has another vertex at maximum distance 3. Moreover, it has minimum degree 3 and it can be checked that it is 3-connected. The aim of this paper is to establish these properties in general.
In Section 1 we show how to obtain a shortest path in M m between any two vertices; in fact, our results provide a linear time algorithm for nding shortest paths. As a corollary, we prove that every vertex of M m has eccentricity equal to m ? 1 and, as a consequence, the diameter of M m is m ? 1. In Section 2 we show that M m is a bipartite graph for every m, and in Section 3 we prove that the minimum degree and the connectivity of M m are equal to m ? 1 A result we wish to emphasize is that shortest paths can be easily constructed, which gives as a corollary the determination of the exact value of the diameter for every m. These problems are usually di cult and have been only partly solved in related graphs like graphs of triangulations 7, 14] , and graphs of non-crossing spanning trees 1, 5].
On the other hand, it is well-known that M m has C m vertices, where C m = 1 By the previous remarks, consecutive matchings in this sequence are either equal or adjacent, but M i?1 e = M i e, and this gives a path of length smaller than d, a contradiction. 2 Let M be in M m . Let us consider the set E 1 of boundary edges in M, and remove the endpoints of E 1 both from P n and from M. This gives a new point set with a new matching, and we can similarly de ne the current boundary edges E 2 and repeat the process. A disassembly sequence for the matching M is any sequence (e 1 ; : : : ; e m ) consisting of all the edges in M, with the property that all the edges in E 1 come rst, next all the edges in E 2 , and so on.
Observe that a disassembly sequence (e 1 ; : : : ; e m ) for a matching M can be inserted into any other matching M 0 , and that M 0 (e 1 ; : : : ; e m ) = M. Let us assume rst that e 1 does not belong to M 0 , and prove that there is a shortest path from M 0 to M in which the rst step is the insertion of e 1 . As e 1 belongs to M but not to M 0 , there is an i > 0 such that M i is the rst matching in the sequence containing e 1 If e 1 belongs to M 0 , the rst step in the path P 0 is simply an equality. Henceforth we see that in any case there is a path from M 0 to M starting by the insertion of e 1 . By Lemma 1.1 we know that all matchings in shortest paths from M 0 e 1 to M contain e 1 . The same argument shows that there is a path from M 0 e 1 to M starting by the insertion of e 2 , and the repetition of the process proves the claim. Proof. The result is obvious for m = 2, for m > 2 we distinguish two cases.
If M 1 and M 2 share a boundary edge e, we remove the endpoints of e from the point set P n , and from both M 1 and M 2 , then apply induction to the resulting point set and matchings. Otherwise, let e be a boundary edge in M 2 but not in M 1 Proof. Let r be an oriented line, non crossed by any edge in M, and let i; i + 1; : : : ; i + p be the points in P n to the left of r. We claim that the union of the edges in M to the left of r, together with its rotations, is an alternating path starting at i, going through all the points to the left of r, and ending in i + p + 1 (Fig. 3a) . Observe that applying the claim to the edges to the right of r we get a similar path from i + p + 1 to i. 
M m is a bipartite graph
In this section we show that M m is a bipartite graph for all m. To this end we use a classical bijection between non-crossing perfect matchings and plane trees. Given a matching M in M m de ne a plane tree t M with m + 1 nodes as follows: there is a node of t M for every edge of M, plus a root that is placed outside the edge (1; 2m). Join to all the nodes corresponding to edges visible from and proceed recursively (see Fig. 4 , where the edges of t M are dashed and the root is in grey). 2
We are now ready for the main result. To this end we use yet another bijection, namely between matchings of M m and the set B m of binary strings consisting of m zeros and m ones, and having the pre x property, i.e., in every pre x the number of ones it at least the number of zeros. The bijection is illustrated in Fig. 5 , where a matching is represented linearly with curved arcs, and an arc going up corresponds to a 1 and an arc going down to a 0. It is immediate that the resulting string has the pre x property and that this de nes indeed a bijection between V (M m ) and B m . Generalized vertices always have this grid structure in two dimensions. The two degrees of freedom correspond to the two \free" ones that can be moved. The paths connecting pairs of generalized vertices can be seen as a three dimensional object. We use six kinds of paths, described in Table 1 . The directions in the last column correspond to the three possible directions in 3-space.
The construction of the Hamilton cycle for m even is by induction on m, starting with the case m = 4 (see Fig. 2 ). We start inductively with a Hamilton path P m?2 in M m?2 , then we substitute each vertex s = x10 t by its generalized vertex sx1110 t+2 and we build Hamilton paths between consecutive generalized vertices according to Table 1 . In this way we construct a Hamilton path P m in M m . The only caveat is that in order to get a Hamilton cycle, the last path of type M has to be replaced by a path of type N. This illustrated in Fig. 7 for m = 6, where the cycle has to be read by columns.
Hence we conclude: is the set of vertices of a regular 2m-gon; then every symmetry of the polygon acts on the set of matchings and induces an automorphism of M m . We conjecture that these are the only automorphisms of the graph. Finally, a natural line of research is to extend the study of graphs of non-crossing matchings to the case of sets of points in the plane that are not necessarily vertices of a convex polygon. Preliminary results have been obtained recently in this direction 6].
